Wave excitation in isothermal disks with finite thickness by external gravity is investigated. The main application of this study is to clarify the process of angular-momentum transfer in a protoplanetary disk by a protoplanet. It is found that waves with vertical motion (3D-waves) as well as waves without vertical motion (2D-waves) are excited, and that both waves can transfer angular-momentum. The 2D-waves have properties similar to the waves in infinitesimally thin disks. A protoplanet on the central plane of the disk excites mainly 2D-waves. On the other hand, 3D-waves have a minor effect on the angular-momentum transfer.
Introduction
In rotating disks around central objects, the influence of the external gravity is very important for the dynamics of these disks in many aspects of astrophysics. For example, protoplanets in a protoplanetary disk, a companion star in a nova System or the bar potential in a galactic disk excite waves in the disk. These waves carry angular-momentum in the disk and cause an evolution of the disk structure (e.g., Papaloizou, Lin 1995; Lin, Papaloizou 1996; Takeuchi et al. 1996) .
Wave excitation in an infinitesimally thin disk was studied by Goldreich and Tremaine (1979) . The assumption of infinitesimally thin is appropriate if the scale length of the Variation of the external gravity in the vertical direction is much larger than the thickness of the disk. This condition is satisfied for the bar potential for a galactic disk and for a companion star around an accretion disk. However, for protoplanets forming in a protoplanetary disk, since their radii are much smaller than the thickness of the disk, their gravitational potential varies largely on the scale of the disk thickness. Thus, the finite thickness of the disk should be considered when studying wave excitation by protoplanets in the protoplanetary disk. In this paper, we consider the wave excitation in disks with finite thickness.
At the region in a disk where the distance from a protoplanet is much larger than the disk thickness, the gravity force of the protoplanet is almost horizontal. Thus, if the orbit of the protoplanet has no inclination, it does not induce vertical motion at that region; thus, only waves without vertical motion can be excited. We call these waves without vertical motion 2D-waves. These 2D-waves have properties similar to the waves in infinitesimally thin disks. The excitation of such waves has been well studied in infinitesimally thin disks. Waves with vertical motion (we call 3D-waves) are excited near to the protoplanet, where the gravity force is not horizontal. Thus, the thickness of the disk is important to wave excitation near to the protoplanet.
We consider a narrow annulus around a protoplanet in order to concentrate the wave excitation near to the protoplanet. The width of the annulus is on order of the disk thickness, and is small enough to be treated as being isothermal. (This paper concentrates the wave excitation at each resonance position. When summing up the effects of all resonances inside and outside the orbit of the protoplanet, the temperature gradient in the radial direction should be considered; see Ward 1986.) We assume that the perturbation caused by the protoplanet is also isothermal. In the protoplanetary disk assumed by Hayashi (1981) , the ratio of the cooling time r of the temperature fluctuation with the scale length Az in the vertical direction to the Kepler time £K is
s-'(x)'
at the Jupiter region. Here, h is the scale height of the disk, and we use the Rosseland mean opacity of dust, K = 1 cm 2 g . Thus, the assumption of an isothermal perturbatio!! is valid only if the wavelength in the vertical direction is much smaller than the scale height. However, this assumption makes the mathematics considerably simple (Chiueh, Tseng 1994) . The perturbation equations are generally partial differential equations, and are complicated to solve. The assumption of an isothermal perturbation allows the perturbation to be solved with a separable form in the radial and vertical directions. Therefore, as a first step to attack the problem of wave excitation in a disk with finite thickness, we consider the isothermal perturbation.
Basic Equations

Unperturbed State
We consider the annulus of an isothermal thin disk. The dynamics of the annulus is modeled using a shearing sheet (Goldreich, Lynden-Bell 1965) . In this model, the important nature of the shearing motion and the Coriolis force are included, while the curvature of the annulus is neglected. Then, the unperturbed State consists of a compressible fluid flowing in the ?/-direction in a Cartesian coordinate frame. The velocity profile is linear with a constant shear 2A in the x-direction, described as
We assume that the fluid is isothermal and non-selfgravitating. The unperturbed density varies vertically as
where poo is the unperturbed density at the central plane of the disk and h is the scale height. 
Perturbation Equations
As discussed in section 1, we consider an isothermal perturbation and use the isothermal equation of State. The pressure perturbation p\ and the density perturbation pi relate as c 2 pi. Pi=c~pi.
Considering the response of the fluid to an external perturbation potential <pi, the equations of motion for perturbed velocity V\ = (u\,v\,w\) become
where B = fl 0 + Ais Oort's parameter. the pressure perturbation is
t-<
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Without any loss of generality, each perturbation variable X may be written as
Furt her, non-dimensional coordinate variables are introduced as
In this coordinates, co-rotation and Lindblad resonance positions locate at £ = 0 and £ = ±1, respectively. The perturbation equations become Eliminating the velocity component form equations (13) 
Vertical Component of Pressure Perturbation
The terms in the first parentheses in the left-hand-side of equation (17) are only functions of £, and the terms in the second parentheses are only functions of £. Thus, the homogeneous version of equation (17) can be solved in a separable form, Pl (Z, 0=Pn(0P0(QH n (Q. (19) Substituting this expression into the homogeneous Version of equation (17), two ordinary differential equations are obtained as
( 21) where A n is constant. Similar equations for polytropic gas disks have been derived by Okazaki and Kato (1985) . The value of A n is determined as an eigenvalue of equation (21) with boundary conditions. We require that the kinetic energy density per unit volume po(u\ + v\ -f-w\) be finite at high altitude (i.e., |£| -> oo). To satisfy this condition, A n should be zero or a positive integer n, otherwise, the kinetic energy density diverges exponentially at large |£|. For A n = n, the Solution H n is an nth-order Hermite polynomial. [In this paper, we normalize H n , so H n differs from the Standard definition of Hermite polynomial by normalization factor (n!)~1 //2 (27r) _1//4 .] The nth-order Hermite polynomial has n nodes.
For A n = 0, H n = (27r) _1//4 , and it is seen that w\ -0 from equation (15) . Thus, waves of A n = 0 have no vertical motion and correspond to the 2D-waves, which have been investigated for infinitesimally thin disks previously. On the other hand, waves of positive A n have vertical motion and correspond to 3D-waves.
Even-order and odd-order Hermite polynomials are even and odd functions, respectively. If the perturbation potential is symmetrical with regard to the central plane of the disk, for example, the gravitational potential of a protoplanet whose orbit has no inclination, we may consider only waves with even A n . Figure 1 shows functional forms of poH n for several A n .
Solution in the Radial Direction: WKB Analysis
Before solving P n (£) by numerical Integration in the radial direction, we analyzed it using the WKB approximation in order to clarify the general property of the waves. We assumed d 2 P n /d£ > 2 ^> dP n /dl; ^> P n and considered waves whose wavelength in the ^/-direction is much longer than the scale height, so that k y h <C 1. Equation (20) becomes
The WKB Solution is written as
Substitution of this expression into equation (22) gives the radial wavenumber,
The Squares of the wavenumber k 2 are plotted for various A n in figure 2. Waves can propagate only at where tö > 0. The regions at where k 2 < 0 are evanescent regions, where perturbations grow or decay exponentially in the radial (£) direction.
First, we consider the wave for A n = 0. This wave has no vertical component of velocity, and represents the 2D-wave. Figure 2 shows that the 2D-wave has an evanescent region between the inner and outer Lindblad resonances, i.e., -1 < £ < 1. Thus, the 2D-wave exists only outside the inner and outer Lindblad resonances. This is consistent with the result for waves in the infmitesimally thin disks (Binney, Tremaine 1987) .
For waves of A n > 1, they have a non-zero vertical component of the velocity, and thus represent 3D-waves. There are three wave regions. Two are at where £ ^ -\An and £ > V%i • These two regions become further from the co-rotation point (£ = 0) as A n increases. The other is around the co-rotation point. Note that WKB approximation around co-rotation point is valid only if 
Wave Excitation by a Point Mass in a Disk
Next, we solve the forced wave Solution of equation (17 Substituting above expressions into equation (17) and using equation (21), we obtain
Equation (28) has singular points at Lindblad resonances where D = 0. To avoid these singular points in the numerical integration, we used two first-order differential equations for pi and U\, rather than single second-order equation (28). Expanding u\ in the form
(30)
The singular points at the Lindblad resonances disappear in the above expressions. These equations were solved numerically.
Numerical Calculation for a Point Mass
In the following discussion, we consider the waves excited by a point mass on the central plane of the disk, e.g., a protoplanet in a protoplanetary disk. The orbit of the point mass is assumed to be circular with neither eccentricity nor inclination. Further, both the disk gas and the point mass were assumed to rotate with Keplerian velocity.
These assumptions yielded A = -3Qo/4, B = f^o/4, and that the point mass locates at the co-rotation radius, £ = 0.
The perturbation potential of the point mass on the origin is
where G is gravitational constant, M p is perturbing mass and a smoothing parameter r p is introduced to avoid a divergence at the origin. The potential ipi is transformed into a Fourier integral in the y-direction, and then expanded by Hermite polynomials in the vertical (£) direction:
The inverse transformation yields
where KQ is Oth-order modified Bessel function.
The boundary condition for equations (30) and (31) is that only out-going waves exist at infinity, because there is no source of waves except the point mass at £ = 0. This condition requires that the Solution approaches the WKB Solution (23) with negative k^ at large |£|. Equations (30) and (31) have an singular point at corotation, £ = 0. To deal with this singular point, we should introduce a small dissipative term into the equation of motion (see e.g., Lin 1955 ). This procedure shows that correct path of integration in the complex £-plane passes slightly below the singular point. The Solution around the co-rotation point is obtained analytically by expanding perturbations by power series of £. The numerical integration is started from these power series.
Numerical Results
The smoothing parameter in the perturbation potential (32) is set as
If e is small enough, the result does not change. The scale height is set as h/R = 10~1 5 , where R is the orbital radius of the point mass.
First, we discuss 2D-wave (A n =0). Figure 3 shows the wave form of the pressure perturbation Po(£)-The wave form is similar to that calculated for infinitesimally thin disks by Korycansky and Pollack (1993) . The waves are emitted from the positions of the Lindblad resonances and propagate toward infinity. Since waves have angularmomentum, the propagation of waves causes an angularmomentum transfer in the disk. The angular-momentum flux carried by waves is calculated by (Lynden-Bell, Kalnajs 1972; Lin et al. 1990) y / dz
J -oo JO
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(36) Figure 4 shows the angular-momentum flux as a function of £. Since the functional form öf the flux is symmetrical with regard to £ = 0, the flux is plotted only for £ > 0. It is seen that the angular-momentum flux converges for large |£|. This is because the gravity of the point mass decays at a large distance and the torque exerted on the disk is concentrated near to the resonance positions. The solid line in figure 5 shows the angular-momentum flux carried toward infinity as a function of k y R. We compare the angular-momentum flux carried by 2D-waves in the disk of finite thickness with the flux in the infinitesimally thin disk. The angular-momentum flux in the infinitesimally thin disk is also calculated using the same value of the sound speed and smoothing parameter, and is shown by the dotted line in figure 5 . The difference between them is due to averaging of the perturbation potential in the vertical direction, as pointed out by Ward (1988) . In infinitesimally thin disks, the perturbation potential is evaluated on the equator plane, while the potential should be averaged in the vertical direction for real disks of finite thickness. Because the absolute value of the potential of a point mass on the equator plane has a maximum on the equator, the evaluated potential for the infinitesimally thin disk is overestimated. Artymowicz (1993b) proposed various types of vertical averaging of the potential in the calculation for the infinitesimally thin disk. In the isothermal disk, his result obtained from the type p averaged potential coincides with the angular-momentum flux of 2D-waves. Next, we discuss 3D-waves (A n > 2). The wave forms are shown in figure 6 . As shown by a WKB analysis, there are three wave zones. One is around the corotation point (£ = 0) and the other two are outside £ = ±y/K. For large h y , the validity of the WKB approximation around £ = 0 is lost and the wave zone around £ = 0 disappears, as can be seen in figure 6b . The angularmomentum flux carried by 3D-waves is shown in figure 7 . The solid lines in figure 8 show the angular-momentum flux carried toward infinity. The angular-momentum flux decreases with increasing A n or nodes of the wave function in the vertical direction. This is understood by the WKB analysis. The wave regions (|£| > y/K) become further from the orbit of the point mass at £ = 0 as A n increases. Since the potential \I> n decays exponentially with |£|, the wave excitation for larger A n becomes weaker.
Let us estimate the angular-momentum flux using the WKB approximation. The wave excitation is most effective at where the wavelength is largest (/c? = 0) and waves couple effectively with a slowly varying potential. The waves carrying angular-momentum toward infinity are excited around £ = ±\An-Thus, we expand equation (22) around £o = ±y/K.-Equation (22) This type of equation was discussed for sound waves in infinitesimally thin disks by Ward (1986) . Following Ward, we require the out going boundary condition for sgn(/3) £ -» oo and that P n vanishes for sgn(ß) £ -> -oo. The Solution is written using Airy functions Ai(rj) and Bi(rj) as due to the tidal interaction should also be modified 2.5-times from the previous estimate by Ward (1986) and Korycansky and Pollack (1993) . In the protoplanetary disk assumed by Hayashi (1981) , the orbit of a protoplanet with Earth mass at 1AU decays in 1 x 10 5 years. In general, both sound waves and gravity waves exist in the disk. Sound waves propagate through the pressure force of the gas, while gravity waves propagate through the buoyancy. The gravity waves also carry angularmomentum. In our calculation, both the unperturbed structure of the disk and the perturbation are assumed to be isothermal. These assumptions yield zero buoyancy and suppress gravity waves. Thus, our study is limited to sound waves. The assumption of an isothermal perturbation should be removed in order to deal with gravity waves. However, this makes the mathematics more complicated: equations cannot be solved as a separable form, and partial differential equations should be solved directly. We will do this task using a numerical Simulation code.
Pn
For 3D-waves, there is wave region around the corotation point. However, waves around the co-rotation point have only a small contribution to the angularmomentum transfer. The amplitude of these waves is not large and their angular-momentum flux is much smaller than that carried by 2D-waves (A n = 0).
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Discussion and Summary
The wave excitation in a disk of finite thickness has been investigated using the shearing sheet model and isothermal equation of State.
Both 2D-and 3D-waves are excited. The 2D-waves have no vertical motion and have similar properties to the waves in infinitesimally thin disks. On the other hand, 3D-waves have vertical motion. However, a point mass on the central plane of the disk excites mainly 2D-waves. This is because the excitation of 2D-waves occurs at a nearer region from the point mass than that for 3D-waves. The angular-momentum carried by 3D-waves is much smaller than that of 2D-waves. Thus, previous studies concerning infinitesimally thin disks give a good estimation of the angular-momentum transfer, although they do not include the contribution of 3D-waves. Only the effect of vertical averaging of the potential modifies their estimation. It reduces the total angular-momentum flux of all waves by about factor 2.5. Thus, for example, the time scale of the orbital evolution of protoplanets
